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2We also assume that the scalar eld Q is characterized








where the parameter w
Q
is, in general, a variable quan-
tity. Therefore, our goal in this paper is to investigate
the conditions under which a scenario with positive (or
negative) curvature may mimic a at universe at low red-
shifts. This approach forces us to determine the exact
contribution of the scalar eld Q, together with the cur-
vature term, that gives rise to the at quintessence accel-
erating CDM universe. However, we should comment
that absorbing the curvature term in a redenition of
the Q eld is certainly not equivalent to getting a really
at universe, since the curvature is a geometrical prop-
erty, which follows directly from the metric tensor and
which enters into the FRW line element. As we men-
tioned above, these two models become indistinguishable
only for low redshifts and are similar to the cases stud-
ied in ref. [11, 12]. We will return to this point later on.
Here, we emphasize that our approach rests in the fact
that there is a clear similitude between the curvature and
the at universe models at low redshift.
II. THE DYNAMIC FIELD EQUATIONS























where R is the scalar curvature, V (Q) is the scalar po-
tential associated to the eld Q and L
M
is related to any
ordinary matter component.
We shall assume that the Q eld is homogeneous, i.e.
it is a time-depending quantity only, Q = Q(t), and the
spacetime is isotropic and homogeneous, with metric cor-
























where a(t) represents the scale factor and the parame-
ter k takes the values k =   1; 0; 1 corresponding to
an open, at, closed three-geometry, respectively. With
these assumptions, the action (2) yields the following eld

































) = 0: (6)
In these Equations the overdots denote derivatives with
respect to t, H =
_a
a





are the eective matter energy density and
the average energy densities, respectively. The Q-energy









+ V (Q) : (7)
We introduce its average pressure P
Q









  V (Q) : (8)
These two latter quantities are related by the equation







) = 0; (9)
which, similar to the ordinary matter, represents an en-
ergy balance for the scalar eld Q. From now on, we con-
sider the ordinary matter to correspond to dust, which
becomes characterized by the equation of state P
M
= 0.
For this case we could solve the energy Equation 6 ana-





Summarizing, we have a combination of two noninter-
acting perfect uids : one, a dust matter component,
(
M
); the other, the scalar eld (
Q
) component.









































































In the next section we study the model that arises when
the matter component, 
M
together with Eqs. (4), (5)
and the equation of state for the eld Q, complement in
such a way that a at CDM accelerated universe origi-
nates, specically, the CDM model.
In order to simulate a at universe, we assume that
the energy density 
Q




































































. This latter quantity is re-
lated to the recent astronomical measurement of distant
supernova of type Ia.
Note that we could get an explicit expression (as a
function of time) for the unknown energy density, 

, if
we know both the scale factor a(t) and the time depen-
dence of the Q-density, 
Q


























> 0. At this point we should comment on the dier-
ence between the two scalar elds Q and . As we saw,
the scalar eld Q is dened from the fundamental La-
grangian, from which we could dene the stress-energy
density tensor with the property of a perfect uid be-
haviour, which allows us to introduce the pressure P
Q
.
However, we could not say the same of . The denition
of the stress-energy density tensor associated with the 
eld is more subtle, as we can see in Eq. (11) (or (12)).
We hope to address this problem in subsequent work.
Here, we just take P

as an eective pressure that follows









from the observational data.
III. CHARACTERISTICS OF THE MODEL
In this section we will impose explicit conditions under
which a curved universe (k = 1) may look similar to a
at universe (k = 0) at low redshift. This at model is
dened by expression (11) (or (12)), which reduces the




























Eqs. (12) and (13), along with the evolution equations
for the scalar elds  and Q, form the basic set of equa-
tions that describes our model.
Note that, when Eq. (12) is evaluated at present time,










































= 1 when evaluated











. Note also that when Eqs. (10) and (13) are compared
we observe that the variables 
M
and H (and also the
scale factor a, as we can see from Eq. (11) or equivalently
Eq. (12)) appear identical in the two scenarios.
In order to see that a curvature model at low redshift
is indistinguishable from a at one, we could consider the
luminosity distance D
L
as a function of the redshift z or
the angular distance [12]. Let us take the rst one. The
luminosity distance between a source at a redshift z > 0

























(z) / (1 + z)(z): (16)










which represents the polar-
coordinated distance between a source at z and another
at z = 0 in the same line of sight. For z  1 we




observe that the luminosity distance in both cases coin-
cide. Therefore, we expect that the dierences between
the curvature and the at models happen to high enough
redshifts.
When the quintessence component has a constant





, which is a nega-
tive number that lies in the range  1 < w

<  0:3, we
could immediately solve for the density 

as a function
































































































represents the generalized hypergeometric
function. The initial condition that we have used in solv-
ing Eq. (18) is a = 0 at t = 0.




in terms of the
scalar eld , together with the equation of state that
relates these quantities, for obtaining  as a function of

































































































































































Fig (1) shows the plot of the scalar potential V

as a
function of , for three dierent values of the equation
state parameter w














have been xed at values 0.65 and 0.35, respec-
tively. This form of potential has been described in the
literature [14]. Note that, in the limit w

 !  1 the po-
FIG. 1: This graph shows the scalar potential V

as a func-
tion of the scalar eld  for w
















, i.e., the model becomes
equivalent to the  Cold Dark Matter scenario[9].
During the evolution of this model, we distinguish two









. It is not hard to see that
the time at which 
M















































































where, similar to t
eq
, depends on the observable param-
FIG. 2: This graph represents 










= 0:94 0:14 for three dierent values of
the equation state parameter, w

=  0:7; 0:8; 0:9. The
dark region corresponds to w

=  0:9. The vertical dotted






























= 0:940:14 of the measurement












The dark region represents the value w

=  0:9.
We are now going to describe the properties of the
scalar eld Q. Following an approach analogous to that
used for the scalar eld , we nd that the parameter
w
Q
, is given by
w
Q
























































. Fig (3) shows its dependence
5with the redshift z dened as z  a
0
=a   1, for three
dierent values of the w

parameter. For completeness,
we have chosen 

Q
= 0:85 and 


= 0:65 in this plot,
i.e. we have considered a closed model.
FIG. 3: The graph shows w
Q
(in unit of jw
0
Q
j) as a function
of the redshift z for three dierent values of the equation state
parameter, w





= 0:85 and 


= 0:65, corresponding to a closed model.













































The scalar potential, V
Q














































[4=3 + (1   w

)]. Figure (4) shows
the potential V
Q
as a function of the scalar eld Q for
three dierent values of w

. Again, we have considered a
















these curves are very
similar.
Note that the potential decreases when Q increases.
We observe that this potential asymptotically tends to
vanish for a  ! 1. This implies that, asymptotically,






Q 6= 0), corresponding to a sti uid.
FIG. 4: The graph shows V
Q
(in unit of 
C
=2) as a function
of Q (in unit of 1=
p
4G) for three dierent values w

=










= 0:35 associated with a closed model.
IV. THE QUINTESSENCE SCALAR
POTENTIAL
One of the possible modications to the basic idea of
quintessence includes the use of other potentials [16, 17,
18]. It may be interesting to investigate the situation in
which the scalar potential V () is of the form [19]
V () =  _
2
+ ; (27)
















Combining Eq. (27) with the evolution Equation for
the eld  we get _ as a function of the scale factor a,












































































represent the actual en-
ergy density and pressure, respectively, and are related to






















































































= const: This case
corresponds to use  = 0 in Eq. (27). As we will soon see,
this case allows us to write down an explicit expression
for the quintessence scalar potential, V (). Through this
paper, we will address this case only.
We could solve the time-time Einstein Equation (13)

















































The quintessence scalar eld  in terms of the scale




























































Eq. (32) allows us to write down an explicit expression
for the dark energy scalar potential V (). We get


















represents the actual value of this potential.
The hyperbolic potential (33) has been used in the liter-
ature [19, 20, 21]. This potential was studied for getting
tracker solution from the corresponding eld equations.
One of the characteristics of the scalar eld Q is given
by the equation state parameter w
Q














































































































With x  a=a
0
, the scalar potential associated to the

































and the corresponding scalar eld Q is expressed by



























































A numerical integration shows that this potential
presents the same characteristic than that described in
the previous case, i.e. V (Q) decreases when Q increases,
reaching the limit V (Q)  ! 0 for Q  !1.
Finally, one interesting parameter to determine in this
kind of model is the deceleration parameter, which is





































), the parameter q
0
becomes
negative, in agreement with the observed acceleration of
the universe.
7V. CONCLUSIONS
In this paper we have described a curvature universe
model in which, apart from the usual CDM compo-
nent, we have included a quintessence-like scalar eld
Q. We have ne-tuned the energy density, associated
with this eld, together with the curvature, for mimick-
ing a at model which resembles the quintessence (or










= 1. We have assumed for Q an ef-









We have determined the form of the potential associ-
ated with this eld, which eectively has the property
of a quintessence potential, i.e. V (Q) decreases when Q
increases, approaching zero asymptotically. Under the
assumption that the equation state parameter was con-
stant, we could describe explicitly the characteristics of
the dark energy scalar eld, . Certainly, the basic idea
of quintessence rests on the determination of the scalar
potential as a function of this eld.
Under an appropriate choice for the dark energy scalar
potential, V () (in terms of _), we determine explicit ex-
pression for this potential as a function of . In this case
we also gave expression for the scalar eld Q and its po-
tential. Here, we determine the deceleration parameter
which, under an appropriate choice of the parameters
that characterize the model, became positive, in agree-
ment with the acceleration detected by astronomical ob-
servations.
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